Linear and nonlinear propagation of high amplitude acoustic pulses through turbulent layer in air is simulated using two-dimensional KZK-type (Khokhlov-ZabolotskayaKuznetsov) equation. Incident acoustic field is a plane wave with symmetrical N-wave waveform. Turbulent wind velocity field with modified Von Kármán spectrum represents random sound speed inhomogeneities in the propagation medium. Cumulative probabilities of observing waveforms with amplified peak overpressures and shock fronts with high steepness are collected from long realizations of acoustic field. It is shown that in linear propagation regime the turbulence leads to smearing of the shock front and cumulative probability of waveforms with high steepness has low values under 1%. In nonlinear propagation regimes nonlinear shock front steepening counteracts shock front smearing resulting in much higher values of cumulative probabilities of observing waveforms with high steepness of the shock front (up to 8 %). Nomenclature β = propagation medium nonlinearity coefficient δ = propagation medium absorption coefficient ρ 0 = propagation medium density c 0 = propagation medium sound speed 
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I. Introduction
istory of supersonic civil transport is closely related to the sonic boom problem 1 . Sonic boom is known as an intensive shock wave generated by supersonically moving aircraft. The annoyance to sonic booms heard on the ground presents a major obstacle, which prohibits supersonic overland flights 2 . It is reported that subjective loudness and annoyance of the sonic boom tend to increase with increase of its peak overpressure and decrease of the rise time 3 . Thus, acceptability of supersonic flights strictly depends on the expected range of these parameters for typical atmosphere conditions and aircraft operation.
Sonic boom problem was extensively investigated since early 60's 4 . Recent efforts to develop small supersonic business jets (SSBJ) and low boom airplane designs spurred interest in sonic boom research [5] [6] [7] . Advances in computational fluid dynamic during past decade resulted in considerable progress in prediction of near-field and mid-field sonic booms [8] [9] [10] . However, different effects related to propagation of sonic boom through unsteady atmosphere still need to be investigated.
Numerous physical processes such as geometrical wavefront spreading, refraction, scattering, thermoviscous attenuation, relaxation attenuation and dispersion, and weak acoustic nonlinearity affect propagation of sonic booms in the atmosphere. Nonlinear effects lead to formation of a specific wave signature known as N-wave (Fig.1a) . Turbulent fluctuations of wind velocity and sound speed thermal inhomogeneities, which are present in the lowest part of the atmosphere, significantly alter N-wave propagation. The lowest part of the atmosphere is known as Planetary Boundary Layer (PBL) that is usually spanning the first 1-2 km above the ground.
A.D. Pierce and D. J. Maglieri 11 have given explanation of the interaction of N-waves with turbulence. They argued that acoustic wave refraction on the sound speed inhomogeneities produces the wavefront rippling. The rippling with large spatial scales leads to wavefront folding at a caustic and appearance of spikes via "refraction-focusing-diffraction" mechanism. At the same time, small scale ripples are responsible for wavefront folding which occurs multiple times as the wavefront propagates through the turbulent layer. Thus, the effect of smearing of the front of acoustic wave can be considered as a result of superposition of several separate fronts with slightly different propagation delays.
Random fluctuations of the peak overpressure and rise time of sonic booms as well as variable waveform signatures such as peaked, rounded, and normal N-waves were discovered in supersonic flight-test programs 12 . In some cases amplification of peak overpressure by a factor of two was registered. With regard to the shock front rise time a consensus exists that in a quiet atmosphere, the large rise time on the order of milliseconds is caused by molecular relaxation 13 . However, rise times measured in turbulent atmosphere were reported to be several times larger than the relaxation theory limit. This experimental fact is attributed to the influence of a turbulence. Random nature of peak overpressure and rise time results in random perceived loudness. Hence, prediction of the probability of occurrence of very large overpressures is of great importance for evaluating sonic boom acceptability. Extensive statistical data on peak overpressure and rise time were collected during several flight test programs. However, in outdoor measurements in most cases there is no precise information on atmosphere conditions. Thus, it is difficult to correctly interpret statistics of the sonic boom parameters. To address this problem, laboratory scale experiments were performed where both the turbulent field and the source of acoustic shock waves were well controlled [14] [15] [16] . Typically, all characteristic dimensions of the problem (acoustic wavelength, turbulence scales, and propagation distance) were scaled by a factor of about of 1000 relatively to the sonic boom scales. Typical waveforms distortions, peak overpressure and rise time statistics were shown to be similar to that observed in the case of sonic boom measurements. For example, high amplitude U-waves were measured in caustics, whereas jagged waves were observed in low-amplitude defocusing zones.
Statistics of the rise time of N-waves measured in laboratory scale experiments showed that the rise time in turbulence is always greater than in a quiescent air. On one hand this fact is in agreement with the theory of A.D. Pierce and D.J. Maglieri. On the other hand, nonlinear effects are known to steepen the shock front, thus counteracting shock front smearing produced by refraction on small-scale inhomogeneities. This effect should be more pronounced in high amplitude random foci (caustics) resulted from large-scale inhomogeneities. This disagreement between experiment and theory can be explained by a limited bandwidth of condenser microphones used for measuring N-waves in laboratory experiments. For example, spark generated N-waves with peak overpressure between 100-1000 Pa were used in these experiments [14] [15] [16] . This overpressure range corresponded to rise times between 2 μs and 0.2 μs 17 . However, commercial condenser microphones generally have 3 μs limit 17 (for example, Brüel & Kjaer, microphone model # 4138), whereas custom design laboratory prototypes were shown to reach 0.4 μs limit 14 . Thus, steep shock fronts were apparently not resolved in the experiments with the use of commercial condenser microphones 15, 16 , whereas large rise times were represented correctly. The goal of the present paper is to investigate shock front steeping and smearing of nonlinear N-waves propagating through a turbulent layer using numerical modeling and statistical analysis. A nonlinear parabolic propagation model based on the KZK-type evolution equation was used to simulate N-wave propagation. Physical parameters of the modeling such as N-wave duration, amplitude and turbulence scales were chosen to represent those typical for laboratory scale experiments 15, 16 . Long realizations of simulated acoustic fields were analyzed to obtain statistical distributions of peak overpressure, shock rise time, and shock steepness. Probability distribution functions of these parameters were obtained assuming ergodicity hypothesis. Cumulative probabilities of peak overpressure and shock steepness were investigated in order to quantify amplification of acoustic field in random foci.
II. Theoretical model A. Nonlinear parabolic equation
A nonlinear parabolic propagation model based on the two-dimensional KZK-type evolution equation was used to simulate N-wave propagation 18 :
Here p is the acoustic pressure, z is the longitudinal spatial coordinate, x is the transversal spatial coordinate (Fig.1b) , τ = t -z/c 0 is the retarded time, t is the time, ρ 0 , c 0 , β and δ are the density, ambient sound speed, nonlinearity coefficient, and absorption coefficient of the medium, respectively. Physical parameters of the model were chosen to represent air conditions in laboratory scale experiments: ρ 0 = 1.18 kg/m 3 , c 0 = 344 m/s, β = 1.2, and δ = 38 mm 2 /s. The first term on the right hand side of the Eq.(1) takes into account diffraction effects, the second term describes nonlinearity, and the third term is responsible for thermoviscous absorption. Wavefront refraction on inhomogeneities is accounted for in the fourth term where the function u z (x, z) is the z-component in the vector of the wind velocity field. The transversal component u x (x, z) of the velocity vector is neglected since its effect on the acoustic field is much smaller than the effect of the longitudinal component 19 . The model is applicable to the case of smooth velocity inhomogeneities with small Mach numbers. In this case the scattering angles in the forward direction are not greater than 20° off axis. Acoustic Mach number is also supposed to be small, on the order of 10 -3 -10 -2 . Linear propagation model was obtained by removing the nonlinear term from Eq. (1). In this case the thermoviscous absorption was also disabled, so that the acoustic field did not change with the propagation distance except the changes that were introduce by interaction with inhomogeneities of the turbulent field.
B. Model of the wind velocity inhomogeneities
Homogeneous vector-type two-dimensional isotropic turbulence with modified von Kármán spectrum was chosen to introduce inhomogeneous sound speed field 20 . Energy spectrum of the turbulence was represented by the following equation 21 :
Here / is the refraction index, , and are transversal and longitudinal spatial frequencies in the Fourier domain, is the outer scale and is the inner scale ( 5.92/ ) of the turbulence, 1/ is the corresponding spatial frequency. The root mean square of the refraction index fluctuations μ was set to 1%. Outer and inner scales of the turbulence were set to 160 mm and 5 mm, respectively, which correspond to the values measured in the earlier laboratory scale experiments 15, 16 . The inhomogeneous velocity field was generated by summation of 8000 randomly oriented spatial Fourier modes 20 . Wavenumbers of the Fourier modes were distributed between min 0.02 m in the logarithmical scale.
C. Numerical algorithm
The KZK-type evolution equation was solved numerically using previously developed FDTD algorithm which follows the method of fractional steps with the operator splitting procedure 18, 19 . The spatial grid steps in the simulations were Δz = 1 mm and Δx = 0.4 mm in longitudinal and transverse directions, respectively. The time step in the modeling was equal to Δτ = 0.04 μs which is sufficient to resolve the fine structure of shock fronts. The diffraction operator was calculated in the time domain using Crank-Nicolson scheme. Longitudinal transport of acoustic waveform due to wind velocity inhomogeneities was taken into account using the exact solution for each harmonic in the frequency domain. The absorption term was also calculated in the frequency domain using an exact solution. A conservative Godunovtype time-domain algorithm was employed to calculate the nonlinear term of the equation in the time domain. For each set of the model parameters, N-wave was propagated through 70 meter-long realization of the turbulent field up to the maximal distance of z max = 4.5 m. Different waveform parameters were acquired at each propagation distance and for each transversal coordinate. Probability distributions as functions of propagation distance z were calculated from these two-dimensional spatial distributions according to the hypothesis of ergodicity.
D. Initial pressure field and boundary conditions
A plane wave with symmetric N-wave waveform and 40 μs duration was set at the distance z = 0 as an initial acoustic field (Fig.1a) . Symmetric N-wave had equal peak negative and peak positive pressures. Peak positive pressure is also called as peak overpressure and is denoted as p max . In order to evaluate the influence of nonlinear effects on the acoustic field, the initial peak overpressure p 0 was varied from 50 to 400 Pa. In the linear simulations, the initial N-wave was chosen to be similar to that used in nonlinear simulations with p 0 = 200 Pa.
In the literature, shock fronts are usually characterized by their rise time τ sh , which is classically defined as the time required for the pressure to increase from 10% to 90% of the peak overpressure. Rise times of the initial Nwave waveform were adjusted according to the stationary solution of the Burgers equation for a step shock 22 . In a given set of physical parameters the rise time of the initial waveform was approximated as sh 150 Pa • μs / . In the case of strongly distorted waveforms due to propagation in turbulence the classical definition of the rise time can result in overestimated values of the rise time 18, 19 . In order to correctly capture the shock front structure a shock front steepness (denoted as s max ) was proposed as an alternative to the conventional rise time. Steepness of the shock was defined as the first order finite difference that approximates the first derivative near the steepest part of the shock front. Usually, the value of steepness is proportional to the maximum of the time derivative of the waveform.
Rigid wall boundary conditions were set in transverse directions of the computational domain. Buffer zones adjacent to the boundaries were provided in order to minimize reflections from the edges of computational domain. In these buffer zones the refraction index field was smoothly attenuated from its normal value to zero.
III. Results and discussion
To highlight the effect of turbulence on waveform parameters the results are reported in normalized form. It means that the values of peak overpressure and steepness are normalized to their respective values in homogeneous medium at the corresponding propagation distance. Thus, if the propagation medium is homogeneous (μ = 0), the normalized peak overpressure P max and the normalized steepness S max will be equal to unity at all distances z.
An example of spatial distribution of the normalized peak overpressure P max with corresponding refraction index map is shown in Fig. 2 . Random focusing and defocusing zones are clearly seen. This distribution is in agreement with the theory of A.D. Pierce, who has stated that refraction of acoustic wave on the sound speed or wind inhomogeneities in a turbulent layer produces the wavefront rippling 9 . The rippling with large spatial scales leads to wavefront folding at caustics and appearance of spikes -high amplitude waveforms. At some caustics the peak overpressure is amplified in more than two times in comparison to the peak overpressure of the plane wave. To investigate the occurrence frequency of such high amplitude outliers, a cumulative probability of observing peak overpressure and steepness greater than a given threshold was chosen as a statistical measure. Threshold value was set to two since focusing gain in random foci typically does not exceed a value of four.
Cumulative probabilities of peak overpressure and steepness as functions of propagation distance are shown in Fig.3 . The top row (Fig.3 a and b) corresponds to linear simulations, and at the bottom row (Fig.3 c and d) the results of nonlinear simulations with different amplitudes of initial N-waves are presented. All probability curves have a maximum at some distance, which is associated with characteristic distance of appearance of caustics 23 . This distance is marked in Fig.2a by a vertical dashed line at z = 1.1 m. It is seen that linear propagation of N-wave results in significant probability to observe high amplitude waves (about 5 %). At the same time the probability to observe waves with steep shocks is very low (0.7 %). Thus, simulation results with linear propagation model confirm the thesis that propagation in turbulence leads to smearing of the shock font. According to A.D. Pierce this is the result of small-scale ripples and corresponding wavefront folding which occurs multiple times as the wave propagates through the turbulent layer. Thus, the resulting shock front can be considered as many separate fronts with slightly different arrival times packed together. Evidence of multiple shocks produced by small-scale rippling is demonstrated using examples of waveforms at propagation distance z = 1.1 m. An amplified waveform (Fig. 4a ) with peak overpressure of about two times higher than the overpressure in the incident wave (p 0 = 200 Pa) has a very smooth shock with a rise time of about 6 μs. The shock seems to be composed of three separate shocks with slightly different arrival times. On the contrary, strongly distorted waveform shown in Fig. 4b has relatively short rise time of about 1.5 μs. Thus, in the linear propagation model, where the effect of shock front steepening is absent, high peak overpressure of a particular waveform does not necessarily mean steep shock front.
In nonlinear simulations, cumulative probabilities of peak overpressure are similar to the results of linear simulations. However, probability maximum increases from 2 % to 4 % with increasing of nonlinear effects by changing initial N-wave amplitude from p 0 = 50 Pa to p 0 = 200 Pa. The increase of the maximum of the probability distributions for these weak and moderate pressure levels can be explained by nonlinear enhancement of the focusing gain in random foci. At the highest nonlinearity level considered here (p 0 = 400 Pa) the probability maximum (3.2 %) decreases in comparison to the case with p 0 = 200 Pa. It seems that stronger nonlinear absorption at the shocks and nonlinear refraction effects reduce shock amplitude in random foci resulting in saturation of the focusing gain in random foci.
Cumulative probabilities of shock front steepness are dramatically different between linear and nonlinear propagation cases. The maximum values of steepness probabilities in nonlinear cases are much higher than in the linear case and increase with strengthening of nonlinear effects (from 2 % at 50 Pa to 8 % at 400 Pa initial N-wave amplitude). This strong dependence of shock front steepness statistics on nonlinear effects can be explained by the fact, that in quiescent air shock rise time is inversely proportional to the peak overpressure and steepness is proportional to the overpressure squared. Thus, nonlinear shock front steepening is sufficient to counteract shock front smearing due to wavefront rippling produced by turbulence. It means that the N-waves with steep shock front should be observed in the model experiments if measurement techniques are capable to resolve these sharp shock fronts.
IV. Conclusion
In this paper, linear and nonlinear propagation of N-waves through a turbulent layer was simulated using the KZK-type nonlinear evolution equation. Cumulative probabilities of peak overpressure and shock front steepness were evaluated using long realizations of acoustic field and assuming ergodicity hypothesis. It was found, that in the linear propagation regime, the presence of turbulence leads to smearing the shock front. In this case probability to observe waveforms with steep shock front is relatively small in comparison with probability to observe waves with high peak overpressure. Nonlinear simulations showed that nonlinear shock front steepening could counteract shock front smearing resulting in higher values of cumulative probabilities of steepness. In this case the probability to observe outliers with high shock steepness significantly depends on the wave amplitude. At the same time, the cumulative probability of peak overpressure shows saturation tendency in the case of strong nonlinear effects which is consistent with nonlinear saturation effects known for focused high amplitude acoustic pulses 24 .
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